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Abstract

Treatment effect heterogeneity is frequently studied in regression discontinuity (RD)

applications. This paper proposes, under the RD setup, formal tests for treatment effect

heterogeneity among individuals with different observed pre-treatment characteristics.

The proposed tests study whether a policy treatment 1) is beneficial for at least some

subpopulations defined by pre-treatment covariate values, 2) has any impact on at least

some subpopulations, and 3) has a heterogeneous impact across subpopulations. The

empirical section applies the tests to study the impact of attending a better high school

and discovers interesting patterns of treatment effect heterogeneity neglected by previous

studies.

JEL classification: C21, C31

Keywords: Sharp regression discontinuity, fuzzy regression discontinuity, treatment

effect heterogeneity.
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1 Introduction

Regression discontinuity (RD) has gained increasing popularity in the field of applied

economics over the past two decades for providing credible and straightforward identifi-

cation of the causal effect of policies.1 The identification strategy uses the fact that the

probability of an individual receiving a policy treatment changes discontinuously with

an underlying variable, often referred to as the running variable. Researchers compare

values of the response outcome above and below the point of the underlying variable

where the discontinuity occurs and identify the average treatment effect of individuals at

the margin of policy treatment. If researchers are only interested in the average effect,

controlling for additional covariates other than the running variable is not necessary.2

However, when researchers are further interested in treatment effect heterogeneity, or

how policy impact varies among individuals, it is important to extract information from

additional controls and to consider the conditional average policy effects for individuals

with different observed characteristics.

This paper considers the inference of conditional average policy effects under the RD

setup. Specifically, we propose (uniform) tests that examine whether a policy treatment

1) is beneficial for at least some subpopulations defined by observed pre-treatment covari-

ate values, 2) has any impact on at least some subpopulations, and 3) has a heterogeneous

impact across all subpopulations. Both sharp and fuzzy RD designs are considered.

The proposed tests are useful because applied researchers are often interested in treat-

ment effect heterogeneity. A survey of recent publications in top general interest journals

in economics finds that 15 out of 17 papers that adopted the RD framework analyzed

treatment effect heterogeneity.3 The common practice is to build a linear regression

1Pioneering work and early applications in RD include van der Klaauw (2002), Angrist and Lavy

(1999), and Black (1999), among others. Imbens and Lemieux (2008) and Lee and Lemieux (2010)

provide excellent reviews of the topic.
2Although controlling for additional covariates can potentially improve the estimation efficiency of the

RD estimators. See, for example, Imbens and Lemieux (2008) and Calonico et al. (2016).
3The survey includes all 2015 issues of the Quarterly Journal of Economics (QJE), Journal of Political

Economy (JPE), the Review of Economic Studies (REStud), the American Economic Review (AER),

American Economic Journal: Applied Economics (AEJ: AE) and American Economic Journal: Economic

Policy (AEJ: EP) as well as 2016 issues of these journals published before April. A total of 17 papers (0 in
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model with interaction terms between the discontinuity dummy and additional controls

of interest or to accompany the primary RD regression with subsample regressions.

The interaction term method, which adds interaction terms between the dummy

variable indicating whether an individual passes the cut-off value of the running variable

and additional covariates of interest to the RD regression model, is parametric. The

method severely over-rejects under model misspecification even if researchers only use

observations close to the cut-off of the running variable for estimation. This is in sharp

contrast to the classic RD regression method which is nonparametric and robust to

misspecification under certain mild kernel, bandwidth, and smoothness conditions of the

underlying distribution.

The subsample regression method repeats the main RD analysis with different sub-

samples defined by individual observed characteristics. This method is nonparametric.

However, as the method typically involves running a number of subsample RD regres-

sions at the same time, it is essential to adjust the regressions for multiple testing (see,

e.g., Romano and Shaikh, 2010 and Anderson, 2008) to achieve correct inference. Un-

fortunately, none of the papers in our survey using the subsample regression method

address this issue. Furthermore, even if multiple testing is correctly accounted for, the

subsample RD regression method is not ideal. First, under the fuzzy RD design, it can

produce over-rejected tests and under-covered confidence intervals if the sample size or

proportion of compliers is small for some subsamples. This is because the method uses

subsample local average treatment effect estimators, which could have non-classical in-

ference when the first stage is weak (Feir et al., 2015) or when the subsample size is

small. Second, to implement the subsample regression method, researchers often catego-

rize continuous covariates into discrete groups in an arbitrary way, which often results in

loss of information.

The tests we propose are nonparametric and robust to weak identification. We for-

mulate our null hypotheses as conditional moment equalities/inequalities conditional on

QJE, 1 in JPE, 0 in REStud, 5 in AER, 5 in AEJ: AE, and 6 in AEJ: EP) use the RD method, among which

15 address the issue of treatment effect heterogeneity. 2 of the 15 papers carry out the heterogeneity

analysis using linear regressions with interaction terms. All the other 13 papers use subsample RD

regressions. None of the 13 papers using the subsample regression method correct for multiple testing.
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both the running variable of the RD model and additional controls of interest and then

apply the instrument function approach developed in Andrews and Shi (2013, 2014) to

transform the hypotheses to conditional moment equalities/inequalities conditional only

on the running variable. This transformation is without loss of information, and all

transformed moments could be estimated by nonparametric local linear regression at the

boundary. The tests have statistics of order (nh)−1/2, which means that although we are

looking at average policy effects conditional on multiple control variables the statistics

have the same rate of convergence as the classic RD estimators that do not control for

covariates other than the running variable. Furthermore, the proposed test statistics for

the fuzzy RD set-up do not rely on plug-in conditional local average treatment effect es-

timators, which could have poor small sample performance with conventional asymptotic

approximations due to the random denominator problem. We demonstrate with Monte

Carlo simulations that the proposed tests have very good small sample performance.

In contrast, the interaction term and the subsample RD regression methods currently

adopted in the applied literature have very unsatisfactory simulation performance.

We apply the proposed tests to study the impact of attending a better high school

in Romania following Pop-Eleches and Urquiola (2013). The mean RD analysis in Pop-

Eleches and Urquiola (2013) finds that going to a more selective high school significantly

improves the average Baccalaureate exam grade among marginal students but does not

seem to affect the probability of a student taking the Baccalaureate exam. Pop-Eleches

and Urquiola (2013) carry out a heterogeneity analysis using the subsample regression

method and find little evidence of treatment effect heterogeneity. In contrast, our tests

detect a clear signal of treatment effect heterogeneity. We find that attending a more se-

lective high school has a positive impact on the exam-taking rate for some subpopulations

and a negative impact for some other subpopulations. Our results suggest that the in-

significant mean effect on the exam-taking rate documented in Pop-Eleches and Urquiola

(2013) may come from the cancellation of opposite-signed effects among different schools.

This paper is related to the large literature on regression discontinuity, especially

some recent developments that also look at treatment effect heterogeneity. For example,

Frandsena et al. (2012) and Shen and Zhang (2016) study treatment effect heterogeneity

associated with unobserved individual characteristics and the distributional treatment ef-
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fect under the RD framework; Dong and Lewbel (2015) and Angrist and Rokkanen (2015)

study treatment effect extrapolation away from the running variable cut-off; Bertanha

(2016) and Cattaneo et al. (2016) study treatment effect heterogeneity at different values

of the running variable when the RD design has multiple cut-offs; and Bertanha and Im-

bens (2014) examine the external validity of the local average treatment effect under fuzzy

RD by testing whether treated/untreated compliers and always-takers/never-takers have

equal distributions of potential outcomes. Although our paper also studies treatment

effect heterogeneity under the RD framework, our focus is different from the work men-

tioned above. Specifically, we examine heterogeneity of the treatment effect as a function

of individual characteristics while other papers look at heterogeneity as a function of the

running variable, compliance type, or rank in the potential outcome distributions.

The tests proposed in this paper are related to Andrews and Shi (2013, 2014) and

other conditional moment equality/inequality tests that apply the instrument function

method. Since estimation of the nonparametric RD model involves boundary estimators

in the local polynomial class, and such estimators have not been previously used in

conjunction with the instrument function method, our paper contributes to the literature

in developing new testing procedures for conditional moment equality/inequalities that

require nonparametric boundary estimation. In addition, we propose a new multiplier

bootstrap method for simulating critical values in such tests. For the uniform sign test,

we discuss both critical values based on the least favorable configuration (LFC) and the

generalized moment selection (GMS) method introduced by Andrews and Soares (2010)

and Andrews and Shi (2013, 2014, 2017). The GMS method is similar to the recentering

method in Hansen (2005) and Donald and Hsu (2016) and the contact set approach

proposed in Linton et al. (2010), Lee et al. (2013), and Aradillas-Lopez et al. (2016).

The paper is organized as follows. Section 2 sets up the model and discusses the

identification results of the conditional treatment effects of interest under both sharp

and fuzzy RD designs. Section 3 proposes three uniform tests for treatment effect het-

erogeneity under the sharp RD design. Section 4 extends the tests to the fuzzy RD design.

Section 5 examines the small sample performance of the proposed tests and compares

the performance with other tests currently adopted in the applied literature. Section 6

applies the proposed tests to study the heterogeneous effect of going to a better school.
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Proofs are provided in the online appendix.

2 Model Framework

Let Yi denote the outcome of interest and Ti the treatment decision of individual i. Use

Yi(0) and Yi(1) to denote potential outcomes when Ti = 0 and Ti = 1, respectively;

Yi = Yi(1)Ti + Yi(0)(1 − Ti). Let Zi be the running variable and Xi the set of pre-

treatment covariates with compact support X ⊂ Rdx . Without loss of generality, assume

that X = ×dxj=1[0, 1] and use Xc ⊂ X to denote the support of Xi conditional on Zi = c.

For notational simplicity, we assume that Xi includes only continuous variables. At the

end of Section 3, we will discuss how to implement the proposed tests when Xi contains

discrete variables. For any δ > 0, let Nδ,z(c) = {z : |z − c| ≤ δ} denote a neighborhood

of Zi around Zi = c.

Assumption 2.1 The running variable Zi is continuously distributed in a neighborhood

of the threshold value c, where c is an interior point of its support. Also, assume that for

some δ > 0,

(i) E[Yi(1)|Xi = x, Zi = z] and E[Yi(0)|Xi = x, Zi = z] are continuous in x and z on

Xc ×Nδ,z(c);

(ii) fx|z(x|z), the density function of Xi|Zi = z, is continuous in z and x on Nδ,z(c)×Xc

and is uniformly bounded.

Assumption 2.1.(i) requires that the means of the potential outcomes conditional on

both the running variable and the additional controls of interest are continuous. It is

stronger than the standard continuity assumption of E[Yi(t)|Zi = z] used in the literature

(c.f. Imbens and Lemieux, 2008) for the identification of the average treatment effect,

or ATE. Assumption 2.1.(i) is required to identify the conditional average treatment

effect, or CATE, as a function of the values of Xi. Assumption 2.1.(ii) requires that the

conditional distribution of the additional controls conditional on the running variable is

continuous. Although the condition is not required in the literature for the identification

of the ATE, it is, in fact, a direct implication of the “no precise control over the running
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variable” rule introduced by Lee and Lemieux (2010) and well-accepted in the applied

RD literature.4 Assumption 2.1.(ii) is essential to our testing method where we transform

our null hypotheses that condition on both Xi and Zi to moment equalities/inequalities

that condition only on Zi.

When the treatment decision Ti is a deterministic function of the running variable Zi

such that Ti = 1(Zi ≥ c), the model follows a sharp RD design. Under Assumption 2.1,

the ATE conditional on Zi = c and the CATE conditional on both Zi = c and Xi = x

are identified, respectively, as

ATE = E[Yi(1)− Yi(0)|Zi = c] = lim
z↘c

E[Yi|Zi = z]− lim
z↗c

E[Yi|Zi = z],

CATE(x) = E[Yi(1)− Yi(0)|Xi = x, Zi = c]

= lim
z↘c

E[Yi|Xi = x, Zi = z]− lim
z↗c

E[Yi|Xi = x, Zi = z]. (2.1)

Proofs for identification are given in the online appendix. More generally, when the

treatment status Ti is a probabilistic function of Zi, the RD model follows a fuzzy design.

Suppose a policy intervention encourages an individual i to receive the treatment if the

running variable Zi is greater than or equal to c. Let Ti(1) and Ti(0) be the potential

treatment decisions of individual i depending on whether he/she is encouraged or not,

and Ti = Ti(1)1(Zi ≥ c) + Ti(0)1(Zi < c). For identification in this general case we

require the following assumptions in replacement of Assumption 2.1.

Assumption 2.2 The running variable Zi is continuously distributed in a neighborhood

around the threshold value c, where c is an interior point of its support. Also, assume

that for some δ > 0,

(i) E[Yi(t)|Ti(1) − Ti(0) = 1, Xi = x, Zi = z] and E[Yi(t)|Ti(1) = Ti(0) = t′, Xi =

x, Zi = z] are continuous in x and z on Xc ×Nδ,z(c) for t, t′ ∈ {0, 1};

(ii) P [Ti(1) − Ti(0) = 1|Xi = x, Zi = z] and P [Ti(1) = Ti(0) = t|Xi = x, Zi = z] are

continuous in x and z on Xc ×Nδ,z(c) for t ∈ {0, 1};
4According to Lee and Lemieux (2010), an individual is said to have imprecise control over the running

variable if the conditional density Zi = z|(Xi, Vi) is continuous in z around c, where Vi represents

unobserved characteristics of individual i. By Bayes’ Rule, this condition implies that the density of

(Xi, Vi)|Zi = z is continuous in z around c, which further implies continuity of the density Xi|Zi = z

around z = c.
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(iii) Ti(1) ≥ Ti(0);

(iv) E[Ti(1)− Ti(0)|Xi = x, Zi = c] > 0 for all x ∈ Xc;

(v) fx|z(x|z), the density function of Xi|Zi = z, is continuous in z and x on Nδ,z(c)×Xc

and is uniformly bounded above.

Assumption 2.2.(i) requires the continuity of average potential outcomes for always-

takers, compliers, and never-takers with respect to both the running variable Zi and the

additional control Xi. Assumption 2.2.(ii) requires the continuity of the probability of

an individual belonging to each group. Assumption 2.2.(iii) and (iv) require no defiers

and a non-trivial presence of compliers, respectively. Assumption 2.2.(i), (ii) and (iv) are

stronger than their counterparts that are unconditional on Xi (c.f. Dong and Lewbel,

2015). Assumption 2.2.(iii) is the monotonicity restriction that is commonly required in

fuzzy RD models. It implies that E[Ti(1) − Ti(0)|Xi = x, Zi = c] ≥ 0 for all x ∈ Xc,

or that the first-stage effect is positive for all observationally equivalent individuals at

the treatment cut-off. It is worth noting that this testable implication of the mono-

tonicity assumption could be tested by one of the tests proposed in the next section.

Assumption 2.2.(v) is the same as Assumption 2.1.(ii).

Under the fuzzy RD design, the local average treatment effect, or LATE, and the

conditional local average treatment effect for compliers, or CLATE, are identified as

LATE =E[Yi(1)− Yi(0)|Zi = c, Ti(1)− Ti(0) = 1]

=
limz↘cE[Yi|Zi = z]− limz↗cE[Yi|Zi = z]

limz↘cE[Ti|Zi = z]− limz↗cE[Ti|Zi = z]
,

CLATE(x) =E[Yi(1)− Yi(0)|Xi = x, Zi = c, Ti(1)− Ti(0) = 1]

=
limz↘cE[Yi|Xi = x, Zi = z]− limz↗cE[Yi|Xi = x, Zi = z]

limz↘cE[Ti|Xi = x, Zi = z]− limz↗cE[Ti|Xi = x, Zi = z]
. (2.2)

Proofs for identification are again given in the online appendix. All identified treatment

effects, including the ATE, LATE, CATE, and CLATE, can be estimated by standard

local linear estimation methods.
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3 Testing Under the Sharp RD Design

Researchers are often interested in knowing 1) whether a policy treatment is beneficial

for at least some subpopulations defined by pre-treatment covariate values, 2) whether

the policy treatment has any impact on at least some subpopulations, and 3) whether

the policy’s effect is heterogeneous across all subpopulations. In this section, we develop

uniform tests for these purposes under the sharp RD design. We extend the tests to the

fuzzy RD case in the next section.

3.1 Testing if the Treatment is Beneficial for At Least Some Subpopu-

lations

Hypotheses Formation

To test if a policy treatment is on average beneficial to at least some subpopulations

defined by covariate values, the null and alternative hypotheses can be formulated as

Hneg
0,ate : CATE(x) = E[Yi(1)− Yi(0)|Xi = x, Zi = c] ≤ 0, ∀ x ∈ Xc,

Hneg
1,ate : CATE(x) = E[Yi(1)− Yi(0)|Xi = x, Zi = c] > 0, for some x ∈ Xc. (3.1)

The null and alternative hypotheses Hneg
0,ate and Hneg

1,ate are defined by conditional moment

inequalities conditional on both the running variable Z and the additional control X. We

apply the instrument function approach in Andrews and Shi (2013, 2014) to transform

these inequalities to an infinite number of instrumented moment inequalities conditional

on only the running variable Z, without loss of information.

Let G be the set of the indicator functions of countable hypercubes C` such that

G = {g`(·) = 1(· ∈ C`) : ` ≡ (x, r) ∈ L} , where

C` =
(
×dxj=1(xj , xj + r]

)
∩ X and

L =
{

(x, q−1) : q · x ∈ {0, 1, 2, · · · , q − 1}dx , and q = 1, 2, · · ·
}
. (3.2)

For each ` ∈ L, define the instrumented moment condition ν(`) by

ν(`) = E[g`(Xi)CATE(Xi)|Zi = z],
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which represents the average treatment effect for individuals with Xi ∈ C` multiplied

by those individuals’ proportion of the total population. The following lemma shows

that hypotheses Hneg
0,ate and Hneg

1,ate can be characterized by the following instrumented

conditional moment inequalities without loss of information.

Hneg
0,ate : ν(`) ≤ 0, ∀ ` ∈ L,

Hneg
1,ate : ν(`) > 0, for some ` ∈ L. (3.3)

Lemma 3.1 Under Assumption 2.1, the hypotheses in (3.1) are equivalent to those in

(3.3).

Notice that when q = 1, ` = (0, 1), C` = (0, 1]dx = X , ν(`) reduces to ν((0, 1)) =

E[CATE(Xi)|Zi = z] = ATE. When q = 2, the side length of the hypercubes is

1/2. Suppose that dx = 2, then there are four possible values of `’s: ((0, 0), 1/2),

((1/2, 1/2), 1/2), ((0, 1/2), 1/2) and ((1/2, 0), 1/2). They correspond to four hypercubes

or C`’s: (0, 1/2]2, (1/2, 1]2, (0, 1/2]× (1/2, 1] and (1/2, 1]× (0, 1/2]. When q gets larger,

the hypercubes get smaller.

Test Statistic and Asymptotic Results

Under Assumption 2.1 and by standard RD identification strategy, we know that ν(`) is

identified by

ν(`) = lim
z↘c

E[g`(Xi)Yi|Zi = z]− lim
z↗c

E[g`(Xi)Yi|Zi = z], (3.4)

for each ` ∈ L. Then, by standard RD estimation strategy, ν(`) could be estimated by

ν̂(`) = m̂+(`)− m̂−(`),

where m̂+(`) and m̂−(`) are local linear estimators of m+(`) = limz↘cE[g`(Xi)Yi|Zi = z]

and m−(`) = limz↗cE[g`(Xi)Yi|Zi = z]. Let K(·) be the kernel function and h the

bandwidth. The estimators m̂+(`) and m̂−(`) could be defined as

(m̂+(`), b̂+(`)) = arg min
a,b

n∑
i=1

1(Zi ≥ c) ·K
(
Zi − c
h

)[
g`(Xi)Yi − a− b · (Zi − c)

]2
,

(m̂−(`), b̂−(`)) = arg min
a,b

n∑
i=1

1(Zi < c) ·K
(
Zi − c
h

)[
g`(Xi)Yi − a− b · (Zi − c)

]2
.
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Following Fan and Gijbels (1992), for j = 0, 1, 2, . . . , define

S+
n,j =

n∑
i=1

1(Zi ≥ c)K
(
Zi − c
h

)
(Zi − c)j , S−n,j =

n∑
i=1

1(Zi < c)K

(
Zi − c
h

)
(Zi − c)j ,

and re-write the local linear estimators as

m̂+(`) =

∑n
i=1 1(Zi ≥ c)K(Zi−ch )[S+

n,2 − S
+
n,1(Zi − c)]g`(Xi)Yi

S+
n,0S

+
n,2 − S

+
n,1S

+
n,1

≡
n∑
i=1

w+
ni · g`(Xi)Yi,

m̂−(`) =

∑n
i=1 1(Zi < c)K(Zi−ch )[S−n,2 − S

−
n,1(Zi − c)]g`(Xi)Yi

S−n,0S
−
n,2 − S

−
n,1S

−
n,1

≡
n∑
i=1

w−ni · g`(Xi)Yi,

where w+
ni =

1(Zi≥c)K(
Zi−c
h

)[S+
n,2−S

+
n,1(Zi−c)]

S+
n,0S

+
n,2−S

+
n,1S

+
n,1

and w−ni =
1(Zi<c)K(

Zi−c
h

)[S−n,2−S
−
n,1(Zi−c)]

S−n,0S
−
n,2−S

−
n,1S

−
n,1

.

Next we discuss the asymptotic properties of above described nonparametric estima-

tors. Let fz be the density function of Zi and fxz(x, z) the joint density of Xi and Zi. Let

ϑj =
∫∞

0 ujK(u)du for j = 0, 1, 2, . . ., σ2
+(`1, `2) = limz↘cCov[g`1(Xi)Yi, g`2(Xi)Yi|Zi =

z], and σ2
−(`1, `2) = limz↗cCov[g`1(Xi)Yi, g`2(Xi)Yi|Zi = z]. Let µd(x, z) = E[Yi(d)|Xi =

x, Zi = z], σ2
d(x, z) = V ar(Yi(d)|Xi = x, Zi = z) for d = 0, 1, and Xz be the support of

X conditioning on Zi = z. We make the following assumptions.

Assumption 3.1 Assume that there exists δ > 0 such that (i) Xz = Xc for all z ∈

Nδ,z(c); (ii) fz(z) is twice continuously differentiable in z on Nδ,z(c); (iii) fz(z) is bounded

away from zero on Nδ,z(c); (iv) for each x ∈ Xc, fxz(x, z) is twice continuously differ-

entiable in z on Nδ,z(c); (v) |∂2fxz(x, z)/∂z∂z| is uniformly bounded on x ∈ Xc and

z ∈ Nδ,z(c); (vi) for d = 0, 1, and for each x ∈ Xc, µd(x, z) is twice continuously dif-

ferentiable in z on Nδ,z(c); (vii) for d = 0, 1, |∂2µd(x, z)/∂z∂z| is uniformly bounded on

x ∈ Xc and z ∈ Nδ,z(c); (viii) E[Y 4
i |Zi = z] is uniformly bounded for z on Nδ,z(c); (ix)

for d = 0, 1, σ2
d(x, z) is uniformly bounded on x ∈ Xc and z ∈ Nδ,z(c).

Assumption 3.2 Assume that (i) the function K(·) is a non-negative symmetric bounded

kernel with a compact support; (ii)
∫
K(u)du = 1; (iii) h→ 0, nh→∞ and nh5 → 0 as

n→∞.

Assumption 3.3 Let {Ui : 1 ≤ i ≤ n} be a sequence of i.i.d. random variables where

E[Ui] = 0, E[U2
i ] = 1, and E[U4

i ] < M for some δ > 0 and M > 0. {Ui : 1 ≤ i ≤ n} is

independent of the sample path {(Yi, Xi, Zi, Ti) : 1 ≤ i ≤ n}.
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Assumption 3.1 states smoothness conditions of the underlying data distribution. As-

sumption 3.1(i) is assumed for notational simplicity. We can allow Xz to depend on z

and all the proofs will still go through with much more involved notations. Assumption

3.1(ii)-(vi) are standard smoothness conditions for local linear estimation. Assumption

3.1(vii) regulates the bias of ν̂(`) to be uniformly asymptotically negligible. Assumptions

3.1(viii) and (ix) regulate the estimator of the covariance kernel of the limiting process to

be uniformly consistent. Similar conditions are used in Andrews and Shi (2014) and Hsu

(2017). Assumption 3.2(i) and (ii) are standard conditions on the kernel function. The

triangular kernel which is most frequently adopted in RD regressions satisfies these condi-

tions. Assumption 3.2(iii) requires undersmoothed bandwidth so that
√
nh (ν̂(·)− ν(·))

weakly converges to a mean zero Gaussian process. Assumption 3.3 is required for the

validity of the multiplier bootstrap.

Given the assumptions, we can summarize the asymptotic properties of ν̂(·) in the

following lemma.

Lemma 3.2 Under Assumption 2.1, and Assumptions 3.1-3.2, we have∣∣∣√nh (ν̂(`)− ν(`))−
n∑
i=1

φν,ni(`)
∣∣∣ = op(1),

φν,ni(`) =
√
nh
(
w+
ni · (g`(Xi)Yi −m+(`))− w−ni · (g`(Xi)Yi −m−(`))

)
, (3.5)

where the op(1) result holds uniformly over ` ∈ L. Also,

Φ̂ν,n(·) ≡
√
nh(ν̂(·)− ν(·))⇒ Φh2,ν (·),

where Φh2,ν(·) denotes a mean zero Gaussian process with covariance kernel

h2,ν(`1, `2) =

∫∞
0 (ϑ2 − uϑ1)2K2(u)du

(ϑ2ϑ0 − ϑ2
1)2

σ2
+(`1, `2) + σ2

−(`1, `2)

fz(c)
,

for `1, `2 ∈ L.

The φν,ni(`) function defined in (3.5) is the influence function used to derive the

limiting distribution of
√
nh (ν̂(`)− ν(`)). Let σ̂2

ν,n(`) =
∑n

i=1 φ̂ν,ni(`)
2 where φ̂ν,ni(`) =

√
nh
(
w+
ni · (g`(Xi)Yi − m̂+(`))− w−ni · (g`(Xi)Yi − m̂−(`))

)
is the estimated influence func-

tion that replaces m+(`) and m−(`) in φν,ni(`) by their nonparametric estimators. We

will show that σ̂2
ν,n(`) is a consistent estimator for σ2

ν(`) ≡ h2,ν(`, `) uniformly over ` ∈ L.
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Define σ̂2
ν,ε(`) = max{σ̂2

ν,n(`), ε · σ̂2
ν,n(0, 1)} with some small positive ε that constrains the

variance estimator to be positive. We define the scale-invariant Kolmogorov-Smirnov

(KS) type statistic for testing Hneg
0,ate as

Ŝnegate =
√
nh sup

`∈L

ν̂n(`)

σ̂ν,ε(`)
.

In the simulation and empirical sections of the paper we follow the practice in Andrews

and Shi (2013) and set ε to 0.05 .

Notice that we adopted the instrument function approach in Andrews and Shi (2013,

2014) to test the conditional moment inequalities stated in Hneg
0,ate. Other methods de-

veloped in the conditional moment inequality literature (e.g., Chernozhukov et al., 2013;

Lee et al., 2013, 2017; Aradillas-Lopez et al., 2016; Chetverikov, 2018) could also be po-

tentially applied to test the null. The simulation results in Aradillas-Lopez et al. (2016)

suggest that no specific strategy is expected to outperform the rest in all data generating

processes. We choose to use the instrument function approach because it transforms

the null to a series of conditional moment inequalities that only condition on the run-

ning variable Z. The constructed test statistic then only involves one-dimensional local

linear estimation, which is the same as the estimation strategy adopted for classic RD

regressions.

Simulated Critical Value Based on the Least Favorable Configuration

Given the influence function representation in (3.5), we can use a multiplier bootstrap

method (see, e.g., Hsu, 2016) to approximate the whole empirical process. To be specific,

let U1, U2,... be i.i.d. pseudo random variables with E[U ] = 0, E[U2] = 1, and E[U4] <∞

that are independent of the sample path. Let the simulated process Φ̂u
ν,n(`) be

Φ̂u
ν,n(`) =

n∑
i=1

Ui · φ̂ν,ni(`).

The next lemma shows that the process Φ̂u
ν,n(·) can approximate the empirical process

Φ̂ν,n(·) well. The proofs are given in the online appendix.

Lemma 3.3 Under Assumption 2.1 and Assumptions 3.1-3.3, sup`∈L |σ̂2
ν,n(`)−σ2

ν(`)| p→

0 and Φ̂u
n(·) p⇒ Φh2,ν (·).5

5The conditional weak convergence is in the sense of Section 2.9 of van der Vaart and Wellner (1996)
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In the simulation and empirical sections of the paper, the pseudo random variables are

drawn from the standard normal distribution. Let P u denote the multiplier probability

measure. For significance level α < 1/2, define the simulated critical value ĉnegn,ate(α) as

ĉnegn,ate(α) = sup

{
q
∣∣∣P u( sup

`∈L

Φ̂u
ν,n(`)

σ̂ν,ε(`)
≤ q
)
≤ 1− α

}
,

i.e., ĉnegn,ate(α) is the (1− α)-th quantile of the simulated null distribution, sup`∈L
Φ̂uν,n(`)

σ̂ν,ε(`)
.

The decision rule of the test is then defined as: “Reject Hneg
0,ate if Ŝnegate > ĉnegn,ate(α).”

Generalized Moment Selection

The above-described testing procedure relies on the least favorable configuration, or LFC,

and could be potentially conservative. In this section, we follow Andrews and Shi (2013)

and apply the GMS method to improve the power of the proposed test.

Assumption 3.4 Let an and Bn be sequences of non-negative numbers.

1. an satisfies that limn→∞ an =∞, and limn→∞ an/
√
nh = 0.

2. Bn is non-decreasing and satisfies that limn→∞Bn =∞, and limn→∞Bn/an = 0.

Let η be a small positive number. For all ` ∈ L, define

ψ̂ν(`) = −Bn · 1
(√

nh · ν̂n(`)

σ̂ν,ε(`)
< −an

)
, (3.6)

and the simulated GMS critical value ĉηn,ate(α) as

ĉηn,ate(α) = sup

{
q
∣∣∣P u(sup

`∈L

(
Φ̂u
ν,n(`)

σ̂ν,ε(`)
+ ψ̂ν(`)

)
≤ q

)
≤ 1− α+ η

}
+ η.

Then ĉηn,ate(α) is the (1− α+ η)-th quantile of the supremum

(
Φ̂uν,n(`)

σ̂µ,ε(`)
+ ψ̂ν(`)

)
, plus η.

In the simulation and empirical sections of the paper, we follow Andrews and Shi (2013,

2014) and use an = (0.3 ln(n))1/2, Bn = (0.4 ln(n)/ ln ln(n))1/2 and η = 10−6.

and Chapter 2 of Kosorok (2008). To be more specific, Ψu
n

p⇒ Ψ in the metric space (D, d) if and only if

supf∈BL1
|Euf(Ψu

n)−Ef(Ψ)| p→ 0 and Euf(Ψu
n)∗−Euf(Ψu

n)∗
p→ 0, where the subscript u in Eu indicates

conditional expectation over the Ui’s given the remaining data, BL1 is the space of functions f : D→ R

with Lipschitz norm bounded by 1, and f(Ψu
n)∗ and f(Ψu

n)∗ denote measurable majorants and minorants

with respect to the joint data including the Ui’s.
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Let the decision rule based on the GMS critical value be: “Reject Hneg
0,ate if Ŝnegate >

ĉηn,ate(α).” Intuitively, the term ψ̂ν(`) helps to suppress the influence of negative moment

functions on the simulated critical value as the term is negative for ` vectors with large

and negative ν̂n(`)/σ̂ν,ε(`) values and is zero otherwise. Using the GMS critical value

hence improves the power of the proposed inequality test.

Size and Power Properties

We summarize size and power properties of the proposed test in the following two theo-

rems. The proofs are given in the appendix.

Theorem 3.1 Under Assumption 2.1 and Assumptions 3.1-3.3, when α < 1/2, we have

(1) under Hneg
0,ate, limn→∞ P (Ŝnegate > ĉnegn,ate(α)) ≤ α, and

(2) under Hneg
1,ate, limn→∞ P (Ŝnegate > ĉnegn,ate(α)) = 1.

Theorem 3.1 discusses the asymptotic properties of the proposed test based on the

LFC critical value. The test is consistent and its asymptotic size is less than or equal to

the significance level α as a result of adopting the LFC critical value.

Theorem 3.2 Under Assumption 2.1 and Assumptions 3.1-3.4, when α < 1/2, we have

(1a) under Hneg
0,ate, limn→∞P (Ŝnegn,ate > ĉηn,ate(α)) ≤ α,

(1b) if Lo = {` : ν(`) = 0} is non-empty and there exists `∗ ∈ Lo with σ2
ν(`∗) > 0, then

under Hneg
0,ate, limη→0 limn→∞P (Ŝn,ate > ĉηn,ate(α)) = α, and

(2) under Hneg
1,ate, limn→∞ P (Ŝnegate > ĉηn,ate(α)) = 1.

Theorem 3.2 shows the consistency and asymptotic size control of the proposed test

based on the GMS critical value. When the null hypothesis Hneg
0,ate holds with equality for

some ` vectors, using the GMS critical value can lead to exact asymptotic size control.

In addition, we would like to point out that the above described test for Hneg
0,ate can be

trivially extended to study the hypothesesHpos
0,ate : CATE(x) ≥ 0, ∀ x ∈ Xc in any sharp

RD design, or the first stage selectionHpos
0,fs : E[Ti(1)−Ti(0)|Xi = x, Zi = c] ≥ 0, ∀ x ∈ Xc
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in any fuzzy RD design. As is discussed in the introduction, the second test above is a

sufficient test for the monotonicity restriction commonly used in fuzzy RD models in the

sense that if Hpos
0,fs is rejected, the monotonicity assumption is rejected.

Adding Discrete Covariates to the Control Set

Although we have so far restricted the Xi variable to be continuous, the tests we propose

can be easily adapted to the case where Xi includes discrete covariates. Without loss of

generality, consider the case where in addition to Xi, there is one binary variable, Xdi,

of interest. Let G1 ≡ {1(Xdi = 1) · g`(·) : ` ∈ L} and G0 ≡ {1(Xdi = 0) · g`(·) : ` ∈ L}.

Let G̃ = G ∪ G1 ∪ G0. It is straightforward to show that hypotheses

Hneg
0,ate : CATE(x, xd) ≤ 0, ∀ x ∈ Xc and xd ∈ {0, 1},

Hneg
1,ate : CATE(x, xd) > 0, for some x ∈ Xc and xd ∈ {0, 1}.

are equivalent to

Hneg
0,ate : ν(g̃) = E[g̃(Xi, Xdi)CATE(Xi, Xdi)] ≤ 0, ∀ g̃ ∈ G̃,

Hneg
1,ate : ν(g̃) = E[g̃(Xi, Xdi)CATE(Xi, Xdi)] > 0, for some g̃ ∈ G̃.

Then we can carry out the uniform sign test in the same way as is discussed earlier but

with G replaced by G̃. All results discussed earlier will remain valid.

3.2 Testing if the Treatment Has Any Impact

To test if a policy treatment has any impact on at least some subpopulations, the null

and alternative hypotheses can be formulated as

Hzero
0,ate : CATE(x) = 0, ∀ x ∈ Xc,

Hzero
1,ate : CATE(x) 6= 0, for some x ∈ Xc. (3.7)

Similar to the previous subsection, we can transform the hypotheses in (3.7) to

Hzero
0,ate : ν(`) = 0, ∀ ` ∈ L,

Hzero
1,ate : ν(`) 6= 0, for some ` ∈ L (3.8)

without loss of information, as is summarized in the following lemma.
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Lemma 3.4 Suppose that Assumption 2.1 holds. Then the hypotheses in (3.7) are equiv-

alent to those in (3.8).

Define the KS type test statistic as

Ŝzeroate =
√
nh sup

`∈L

∣∣ν̂n(`)
∣∣

σ̂ν,ε(`)

and let the decision rule be: “Reject Hzero
0,ate if Ŝzeroate > ĉzeron,ate(α)”, where α is the pre-

determined significance level and ĉzeron,ate(α) is the simulated critical value defined as

ĉzeron,ate(α) = sup

{
q
∣∣∣P u( sup

`∈L

∣∣Φ̂u
ν,n(`)

∣∣
σ̂ν,ε(`)

≤ q
)
≤ 1− α

}
.

The following theorem summarizes the size and power properties of the test.

Theorem 3.3 Under Assumption 2.1 and Assumptions 3.1-3.3, when α < 1/2, we have

(1) under Hzero
0,ate, limn→∞ P (Ŝzeroate > ĉzeron,ate(α)) = α, and

(2) under Hzero
1,ate, limn→∞ P (Ŝzeroate > ĉzeron,ate(α)) = 1.

Since the null hypothesisHzero
0,ate involves only conditional moment equality constraints,

the asymptotic convergence results given in Lemmas 3.2 and 3.3 imply that the proposed

test for Hzero
0,ate is consistent and has correct size asymptotically. Again, we would like

to point out that although we adopt the instrument function approach in Andrews and

Shi (2013, 2014) other testing procedures developed in the moment equality literature

(Bierens, 1982, 1990, Bierens and Ploberger, 1997, and Whang, 2000, 2001, etc.) could

also be potentially modified and used. As is discussed earlier, we adopt the instrument

function approach because the resulting test statistic requires the same estimation strat-

egy as in classic RD regressions.

3.3 Testing if the Treatment Effect is Heterogenous

To test for treatment effect heterogeneity, we define the hypotheses as

Hhetero
0,ate : CATE(x) = γ, ∀ x ∈ Xc and for some γ ∈ R,

Hhetero
1,ate : Hhetero

0,ate does not hold. (3.9)
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If CATE(x) = γ for all x ∈ Xc and for some γ ∈ R, then the equality would hold with

γ = ATE = ν((0, 1)). Then Hhetero
0,ate would imply that ν(`) = p(`) · ν((0, 1)), where

p(`) = E[g`(Xi)|Zi = c] is the conditional probability of Xi ∈ C`. So the hypotheses in

(3.9) are equivalent to

Hhetero
0,ate : νhetero,ate(`) = ν(`)− ν((0, 1)) · p(`) = 0, ∀ ` ∈ L,

Hhetero
1,ate : νhetero,ate(`) = ν(`)− ν((0, 1)) · p(`) 6= 0, for some ` ∈ L. (3.10)

When ` = (0, 1), νhetero,ate(`) degenerates to zero. For smaller cubes, νhetero,ate(`) ex-

amines whether the ATE among individuals with characteristic values belonging to C`

is equal to the population ATE multiplied by the proportion of such individuals. The

following lemma formally summarizes the equivalence result.

Lemma 3.5 Suppose that Assumption 2.1 holds. Then the hypotheses in (3.9) are equiv-

alent to those in (3.10).

Let the estimator for p(`) be p̂(`) such that

p̂(`) =

∑n
i=1K(Zi−ch )[Sn,2 − Sn,1(Zi − c)]g`(Xi)

Sn,0Sn,2 − S2
n,1

≡
n∑
i=1

wni · g`(Xi),

where

wni =
K(Zi−ch )[Sn,2 − Sn,1(Zi − c)]

Sn,0Sn,2 − S2
n,1

, Sn,j =
∑
i

K

(
Zi − c
h

)
(Zi−c)j , for j = 0, 1, ...

Let φp,ni(`) =
√
nh
(
wni(g`(Xi)− p(`))

)
. Similar to Lemma 3.2, we can show that

∣∣∣√nh(p̂(`)− p(`))−
n∑
i=1

φp,ni(`)
∣∣∣ = op(1), (3.11)

uniformly over ` ∈ L. Let ν̂hetero,ate(`) = ν̂(`) − ν̂((0, 1)) · p̂(`) be the estimator of

νhetero,ate(`). Let φheteroate,ni (`) = φν,ni(`)− p(`) · φν,ni((0, 1))− ν((0, 1)) · φp,ni(`). It is easy

to show that∣∣∣√nh(ν̂hetero,ate(`)− νhetero,ate(`))−
n∑
i=1

φheteroate,ni (`)
∣∣∣ = op(1) (3.12)

uniformly over ` ∈ L. We give the proof in the online appendix.
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Let φ̂heteroate,ni (`) = φ̂ν,ni(`) − p̂(`) · φ̂ν,ni((0, 1)) − ν̂((0, 1)) · φ̂p,ni(`) be the estimated

influence function with φ̂p,ni(`) =
√
nh
(
wni(g`(Xi) − p̂(`))

)
. Define the KS type test

statistic as

Ŝheteroate =
√
nh sup

`∈L

∣∣ν̂hetero,ate(`)∣∣
σ̂heteroate,ε (`)

,

where σ̂heteroate,ε (`) =

√
max

{∑n
i=1

(
φ̂heteroate,ni (`)

)2
, ε · σ̂2

ν,n((0, 1))

}
for some small positive

ε. Again, σ̂2
ν,n((0, 1)) is used in the definition of σ̂heteroate,ε (`) to obtain a scale invariant test

statistic. Define the simulated process Φ̂hetero,u
n,ate (`) =

∑n
i=1 Ui · φ̂heteroate,ni (`). For significance

level α < 1/2, define the simulated critical value ĉheteron,ate (α) as

ĉheteron,ate (α) = sup

{
q
∣∣∣P u( sup

`∈L

∣∣Φ̂hetero,u
n,ate (`)

∣∣
σ̂heteroate,ε (`)

≤ q
)
≤ 1− α

}
.

Let the decision rule be: “Reject Hhetero
0,ate if Ŝheteroate > ĉheteron,ate (α).” The following theo-

rem summarizes the asymptotic properties of the proposed heterogeneity test.

Theorem 3.4 Under Assumption 2.1 and Assumptions 3.1-3.3, when α < 1/2, we have

(1) under Hhetero
0,ate , limn→∞ P (Ŝheteroate > ĉheteron,ate (α)) = α, and

(2) under Hhetero
1,ate , limn→∞ P (Ŝheteroate > ĉheteron,ate (α)) = 1.

Note that this heterogeneity test can also be directly applied to test for first stage

heterogeneity in a fuzzy RD model as the selection equation in any fuzzy RD model

follows a sharp RD design.

4 Testing in Fuzzy RD Design

In this section, we extend the proposed tests to the fuzzy RD design. Similar to the

sharp RD case, we are interested in testing the following three null hypotheses:

Hneg
0,late : CLATE(x) ≤ 0, ∀ x ∈ Xc, (4.1)

Hzero
0,late : CLATE(x) = 0, ∀ x ∈ Xc, (4.2)

Hhetero
0,late : CLATE(x) = τ, ∀ x ∈ Xc and for some τ ∈ R. (4.3)
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Recall that CLATE(x) =
limz↘c E[Yi|Xi=x,Zi=z]−limz↗c E[Yi|Xi=x,Zi=z]

E[Ti(1)−Ti(0)|Xi=x,Zi=c] . Since Assump-

tion 2.2.(iv) requires CLATE to have a uniformly positive denominator, the first two

hypotheses Hneg
0,late and Hzero

0,late will hold if and only if the numerator, limz↘cE[Yi|Xi =

x, Zi = z] − limz↗cE[Yi|Xi = x, Zi = z], is uniformly negative or uniformly zero, re-

spectively. In other words, these two hypotheses can be tested by applying the testing

procedures developed in Section 3.

For the third hypothesis, the null CLATE(x) = τ holds for all x ∈ Xc and for some

τ ∈ R if and only if CLATE(x) = LATE for all x ∈ Xc. Both the CLATE(x) and the

LATE could be estimated using local linear regression methods. However, developing

heterogeneity tests relying on plug-in estimators of the LATE or the CLATE are not

ideal. As is discussed in Feir et al. (2015), when the sample size or the proportion of

compliers is small the LATE estimator can have a Cauchy-type finite sample distribution

due to the random denominator problem, analogous to the concerns raised in the weak

IV literature (see, e.g., Staiger and Stock, 1997). This problem is even worse with the

CLATE as the effect conditions on both the running variable Zi and the additional

covariate Xi. The RD model could also have a heterogeneous first stage which can lead

to low first stage compliance rate for some subpopulations. In the rest of the session, we

look at null transformations that can avoid direct use of the LATE or CLATE.

Let

µ(`) = lim
z↘c

E[g`(Xi)Ti|Zi = z]− lim
z↗c

E[g`(Xi)Ti|Zi = z].

It is clear that the LATE = ν((0, 1))/µ((0, 1)) and that ν(`)/µ(`) is the local average

treatment effect for individuals with Xi ∈ C`. In the online appendix, we show that the

null hypothesis in (4.3) is equivalent to

Hhetero
0,late : νhetero,late(`) = ν(`) · µ((0, 1))− ν((0, 1)) · µ(`) = 0, ∀ ` ∈ L. (4.4)

Let µ̂(`) be the estimator for µ(`) that is defined in the same way as ν̂(`) except that

Yi is replaced by Ti. Let ν̂hetero,late(`) = ν̂(`)·µ̂((0, 1))−ν̂((0, 1))·µ̂(`) be the estimator for

νhetero,late(`). Let φµ,ni(`) be the influence function for
√
nh(µ̂(`)−µ(`)) that is defined in

the same way as φν,ni(`) except that Yi is replaced by Ti, and let φ̂µ,ni(`) be its estimator.

Let φheterolate,ni(`) = µ((0, 1))·φν,ni(`)+ν(`)·φµ,ni((0, 1))−ν((0, 1))·φµ,ni(`)−µ(`)·φν,ni((0, 1))
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and φ̂heterolate,ni(`) = µ̂((0, 1))·φ̂ν,ni(`)+ν̂(`)·φ̂µ,ni((0, 1))−ν̂((0, 1))·φ̂µ,ni(`)−µ̂(`)·φ̂ν,ni((0, 1)).

Let
(
σ̂heterolate,n (`)

)2
=
∑n

i=1

(
φ̂heterolate,ni(`)

)2
. Define the test statistic for Hhetero

0,late as

Ŝheterolate =
√
nh sup

`∈L

∣∣ν̂hetero,late(`)∣∣
σ̂heterolate,ε (`)

,

where σ̂heterolate,ε (`) =

√
max

{(
σ̂heterolate,n (`)

)2
, ε · σ̂2

ν,n((0, 1))

}
for some small positive ε. De-

fine the simulated process Φ̂hetero,u
n,late (`) as Φ̂hetero,u

n,late (`) =
∑n

i=1 Ui · φ̂heterolate,ni(`).

For significance level α < 1/2, define the simulated critical value ĉheteron,late (α) as

ĉheteron,late (α) = sup

{
q
∣∣∣P u( sup

`∈L

∣∣Φ̂hetero,u
n,late (`)

∣∣
σ̂heterolate,ε (`)

≤ q
)
≤ 1− α

}
.

Finally, the decision rule would be: “Reject Hhetero
0,late if Ŝheterolate > ĉheteron,late (α).” Again, the

proposed test for Hhetero
0,late controls size asymptotically and is consistent. We omit the

details of the size and power properties in the interest of space.

5 Simulations

In this section, we carry out Monte Carlo simulations. First, we investigate the small

sample size and power performance of the proposed tests using data generating processes

(DGPs) estimated from the dataset in the empirical section. Second, we design some

special DGPs to demonstrate 1) the size and power performances of the proposed uni-

form sign test based on the LFC and GMS critical values, 2) the size distortion of the

interaction term method and the subsample regression method popular in the applied RD

literature for heterogeneity analysis, and 3) the small sample performance of the proposed

tests when the DGP introduces larger finite sample bias in local linear estimation.

For all DGPs, the running variable Z, the additional control X, and the error term

u are generated following

Z ∼ 2Beta(2, 2)− 1; X ∼ U [0, 1]; u ∼ N(0, 1).

The outcome Y and the treatment decision T are DGP specific. With each DGP, 5,000

simulation samples are drawn unless otherwise noted. In each test, the bootstrap critical

value is calculated using 1,000 bootstrap simulations.
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In the simulation and empirical sections of the paper, we follow the RD literature

and use the triangular kernel (i.e., K(u) = (1 − |u|) · 1(|u| ≤ 1)) for all boundary local

linear estimators. We also set the bandwidth to hCCT × n1/5−1/k, where hCCT is the

robust bandwidth following Calonico et al. (2014) (CCT), and the multiplicative factor

n1/5−1/k(k < 5) is used to obtain the under-smoothed bandwidth required in our testing

procedure. To make sure that the simulation results are not sensitive to the under-

smoothing factor, we report in all simulation tables results with three different k choices:

4.25, 4.5 and 4.75. The cubes defined in equation (3.2) have side-lengths 1/q for q =

1, ..., Q. We use as a benchmark Q = 10 which includes a total of 55 overlapping intervals.

Andrews and Shi (2013) suggest choosing Q such that the smallest cubes have expected

sample size around 10 to 20. With this benchmark Q choice, when n = 1, 000 the

smallest cubes of each local linear regression in DGPs 1-4 have expected effective sample

sizes ranging from 16 to 21.6 In Tables 1-3 we also report robustness checks with Q = 7

and 13.

Models of Y and T in the DGPs are estimated with the dataset in the empirical sec-

tion. DGP 1 models a sharp RD design with a homogeneous zero effect of the treatment

variable T . To model the outcome Y , we first normalize the domain of the additional

control of interest (i.e., peer transition score) to [0, 1] and then regress the outcome (i.e.,

Baccalaureate exam score) on the running variable (i.e., transition score), the additional

control of interest, as well as their interaction term and second order polynomial terms.

DGP 2 models a sharp RD design with a heterogeneous treatment effect. The outcome

equation is obtained by fitting the same regression model described above separately for

the subsamples to the left and the right of the cutoff value (i.e., zero) of the running

variable. DGPs 3 and 4 are fuzzy RD models with the same outcome equations as in

DGPs 1 and 2, respectively. The first stage equation is generated such that the treatment

dummy is zero for all data to the left of the cutoff, and follows a Probit model estimated

with the empirical dataset for all data to the right of the cutoff.

Models of Y and T for DGPs 1-4 are specified in below. The models for the outcome

variable Y are also visualized in Figure 1.

6The calculation of effective sample size takes into account the distribution of Z as well as the average

bandwidths of the local linear regressions among the 5,000 simulations.
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DGP 1: Sharp RD, Homogeneous Zero Effect

Y = −0.555− 0.553X + 0.581Z + 0.060XZ − 0.058Z2 + 1.074X2 + 0.1u;

T = 1(Z > 0).

DGP 2: Sharp RD, Heterogeneous Effects

Y =

 −0.755− 0.254X + 0.742Z − 0.219XZ − 0.063Z2 + 1.175X2 + 0.1u if Z ≥ 0,

−0.607− 0.220X + 0.386Z + 0.288XZ + 0.204Z2 + 0.469X2 + 0.1u if Z < 0;

T = 1(Z > 0).

DGP 3: Fuzzy RD, Homogeneous Zero Effect

Y ∼ DGP 1;

T =

 1(0.596− 2.103X + 0.128Z + 0.352XZ + 0.013Z2 + 2.454X2 + u > 0) if Z ≥ 0,

0 if Z < 0.

DGP 4: Fuzzy RD, Heterogeneous Effects

Y ∼ DGP 2;

T =

 1(0.596− 2.103X + 0.128Z + 0.352XZ + 0.013Z2 + 2.454X2 + u > 0) if Z ≥ 0,

0 if Z < 0.

Table 1 reports the simulation results of DGPs 1 and 2, including the uniform sign

test (H0 : CATE(x) ≤ 0, ∀x ∈ [0, 1]) and the heterogeneity test (H0 : CATE(x) =

ATE, ∀x ∈ [0, 1]). Simulation results of the overall significance test (H0 : CATE(x) =

0, ∀x ∈ [0, 1]) are omitted as they are highly similar to the results of the uniform sign

test. Table 1 also reports the results of the standard mean test (H0 : ATE = 0) for

comparison. Simulation results of DGP 1 show that the proposed tests control size well.

Even when the sample size is small with n = 1, 000, the rejection rate is controlled under

5.5%, which is close to the 5% significance level. The simulation results of DGP 2 show

that the proposed tests have good power performance with the rejection rate going to

one as the sample size increases. The reported rejection rates are somewhat dependent

on the bandwidth choice, which is common to all kernel based tests. In the empirical

application we also report testing results with the same three under-smoothing factors.

We find that our empirical findings are very robust to the bandwidth choice. Finally,
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Figure 1: The Data Generating Processes: DGPs 1-5
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Note: The left graph plots the outcome equation of DGP 1 & 3. The middle graph plots the outcome equation

of DGP 2 & 4. The right graph plots the outcome equation of DGP 5. All figures plot E(Y |Z,X) against the

whole domain of Z and five difference values of X.

simulation results in Table 1 show that the size and power performance of the proposed

tests are robust to the choice of Q.

Table 2 reports the simulation results of the heterogeneity test (H0 : CLATE(x) =

LATE, ∀x ∈ [0, 1]) for DGPs 3 and 4. Simulation results of the standard mean test and

the uniform sign test are omitted because they are exactly the same as the results for

DGPs 1 and 2 reported in Table 1. This is because testing the sign and significance of

LATE or CLATE under fuzzy RD designs is the same as testing the sign or significance

of its numerator (see the identification result in equation (2.2)), which is the same in

DGPs 3 and 4 as in DGPs 1 and 2, respectively.

In the above simulation experiments, we have been using the LFC critical value

in the uniform sign test. Next, we illustrate the size and power performance of the

uniform sign test with the GMS critical value. The right graph in Figure 1 visualizes the

outcome equation in DGP 5. We test both the null hypothesis of a uniformly non-positive

effect (H0 : CATE(x) ≤ 0, ∀x ∈ [0, 1]) and the null of a uniformly non-negative effect

(H0 : CATE(x) ≥ 0, ∀x ∈ [0, 1]).
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Table 1: Proposed Tests Under Sharp RD

H0 : ATE = 0 H0 : CATE(·) ≤ 0 H0 : CATE(·) = ATE

k=4.25 k=4.5 k=4.75 k=4.25 k=4.5 k=4.75 k=4.25 k=4.5 k=4.75

Panel A: Q = 10

DGP 1: Homogeneous Zero Effect

n=1000 0.053 0.056 0.059 0.054 0.054 0.053 0.053 0.052 0.048

n=2000 0.057 0.059 0.060 0.055 0.053 0.054 0.051 0.054 0.054

n=4000 0.050 0.050 0.053 0.047 0.049 0.049 0.047 0.048 0.046

n=8000 0.052 0.056 0.057 0.048 0.052 0.051 0.049 0.048 0.051

DGP 2: Heterogeneous Treatment Effect

n=1000 0.279 0.301 0.324 0.279 0.318 0.357 0.178 0.191 0.205

n=2000 0.497 0.527 0.561 0.616 0.672 0.725 0.323 0.362 0.395

n=4000 0.745 0.779 0.809 0.935 0.958 0.972 0.630 0.686 0.736

n=8000 0.924 0.946 0.958 0.999 1.000 1.000 0.931 0.956 0.974

Panel B: Q = 7

DGP 1: Homogeneous Zero Effect

n=1000 0.053 0.056 0.059 0.054 0.054 0.054 0.055 0.055 0.050

n=2000 0.057 0.059 0.060 0.055 0.053 0.054 0.051 0.055 0.053

n=4000 0.050 0.050 0.053 0.048 0.048 0.049 0.048 0.048 0.046

n=8000 0.052 0.056 0.057 0.048 0.052 0.051 0.050 0.049 0.052

DGP 2: Heterogeneous Treatment Effect

n=1000 0.279 0.301 0.324 0.286 0.325 0.365 0.184 0.196 0.212

n=2000 0.497 0.527 0.561 0.623 0.679 0.731 0.329 0.369 0.403

n=4000 0.745 0.779 0.809 0.937 0.960 0.974 0.634 0.694 0.742

n=8000 0.924 0.946 0.958 0.999 1.000 1.000 0.935 0.957 0.976

Panel C: Q = 13

DGP 1: Homogeneous Zero Effect

n=1000 0.053 0.056 0.059 0.054 0.054 0.053 0.052 0.051 0.047

n=2000 0.057 0.059 0.060 0.054 0.053 0.053 0.051 0.053 0.054

n=4000 0.050 0.050 0.053 0.047 0.048 0.048 0.048 0.048 0.046

n=8000 0.052 0.056 0.057 0.048 0.052 0.051 0.049 0.048 0.051

DGP 2: Heterogeneous Treatment Effect

n=1000 0.279 0.301 0.324 0.277 0.316 0.354 0.177 0.190 0.204

n=2000 0.497 0.527 0.561 0.613 0.670 0.723 0.321 0.360 0.393

n=4000 0.745 0.779 0.809 0.934 0.958 0.972 0.627 0.685 0.735

n=8000 0.924 0.946 0.958 0.999 1.000 1.000 0.928 0.956 0.974

Note: Reported are rejection proportions among 5,000 simulations where all tests are carried out using the

5% significance level. The uniform sign test (H0 : CATE(·) ≤ 0) is carried out using the LFC critical value.

For each test the simulated critical value is calculated with 1,000 bootstrap repetitions.
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Table 2: Heterogeneity Test under Fuzzy RD

Q = 7 Q = 10 Q = 13

k=4.25 k=4.5 k=4.75 k=4.25 k=4.5 k=4.75 k=4.25 k=4.5 k=4.75

DGP 3: Homogeneous Zero Effect

n=1000 0.047 0.047 0.046 0.045 0.045 0.044 0.045 0.045 0.043

n=2000 0.049 0.052 0.050 0.050 0.052 0.052 0.049 0.052 0.051

n=4000 0.047 0.047 0.045 0.046 0.047 0.045 0.046 0.047 0.044

n=8000 0.049 0.049 0.051 0.049 0.047 0.052 0.049 0.048 0.052

DGP 4: Heterogeneous Treatment Effect

n=1000 0.151 0.169 0.182 0.145 0.167 0.177 0.146 0.165 0.175

n=2000 0.278 0.310 0.337 0.272 0.303 0.330 0.271 0.301 0.329

n=4000 0.534 0.589 0.644 0.529 0.583 0.635 0.527 0.581 0.634

n=8000 0.867 0.906 0.932 0.864 0.902 0.930 0.862 0.901 0.930

Note: Reported are rejection proportions of the Fuzzy RD uniform sign test (H0 : CATE(x) ≤ 0, ∀x ∈ [0, 1])

among 5,000 simulations. All tests are carried out using the 5% significance level and the LFC critical value.

For each test, the simulated critical value is calculated with 1,000 bootstrap repetitions.

DGP 5: Sharp RD, Mixture of Zero and Positive Effects

When X < 0.3, Y ∼ DGP 1; when X ≥ 0.6, Y ∼ DGP 2; when 0.3 ≤ X < 0.6;

Y =

 −0.755− 0.254X + 0.742Z − 0.219XZ − 0.063Z2 + 1.175X2 + 0.1u if Z ≥ 0,

−0.607− 0.220X + 0.386Z + 0.288XZ + 0.204Z2 + 0.469X2 + 0.1u if Z < 0.

Under DGPs 1 and 3, the uniform sign test using the LFC critical value controls size

well and has rejection rates very close to the nominal rate of 5%. The reason is that

the true treatment effects are uniformly zero for all values of X, which means that the

LFC always holds for the tests. Under DGP 5, the null hypothesis of a non-negative

effect is true, but the LFC holds only when X < 0.3. Since the LFC does not hold at

all times, using the LFC critical value will be conservative while using the GMS critical

value should bring the rejection rate closer to 5%. Meanwhile, the null hypothesis of a

non-positive effect is false under DGP 5, and the GMS critical value should improve the

power performance of the test. This is exactly what is shown in Table 3.

DGPs 6 and 7 are designed to facilitate the comparison between the proposed hetero-

geneity test (Hetero) and two popular tests in the applied RD literature: the interaction

term method (Hetero-INT) and the subsample regression method (Hetero-SUB). The

Hetero-INT test is carried out by testing the slope coefficient on the interaction term
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Table 3: Uniform Sign Tests Using the LFC V.s. the GMS Critical Values

LFC GMS

H0 : CATE(·) ≥ 0 H0 : CATE(·) ≤ 0 H0 : CATE(·) ≥ 0 H0 : CATE(·) ≤ 0

k 4.25 4.5 4.75 4.25 4.5 4.75 4.25 4.5 4.75 4.25 4.5 4.75

Panel A: Q = 10

n=1000 0.040 0.041 0.040 0.800 0.841 0.880 0.048 0.049 0.049 0.813 0.854 0.888

n=2000 0.040 0.040 0.039 0.982 0.988 0.992 0.047 0.048 0.045 0.983 0.989 0.993

n=4000 0.033 0.033 0.033 1.000 1.000 1.000 0.039 0.040 0.041 1.000 1.000 1.000

n=8000 0.031 0.030 0.029 1.000 1.000 1.000 0.038 0.038 0.035 1.000 1.000 1.000

Panel B: Q = 7

n=1000 0.029 0.031 0.032 0.659 0.716 0.761 0.038 0.038 0.040 0.672 0.729 0.769

n=2000 0.032 0.030 0.030 0.933 0.957 0.971 0.039 0.039 0.038 0.934 0.959 0.972

n=4000 0.023 0.024 0.022 0.998 0.999 1.000 0.031 0.030 0.030 0.999 0.999 1.000

n=8000 0.023 0.022 0.023 1.000 1.000 1.000 0.029 0.029 0.031 1.000 1.000 1.000

Panel C: Q = 13

n=1000 0.040 0.041 0.040 0.798 0.839 0.877 0.047 0.048 0.048 0.811 0.852 0.886

n=2000 0.039 0.038 0.039 0.981 0.988 0.992 0.047 0.047 0.045 0.982 0.989 0.993

n=4000 0.033 0.033 0.033 1.000 1.000 1.000 0.039 0.040 0.040 1.000 1.000 1.000

n=8000 0.033 0.033 0.032 1.000 1.000 1.000 0.038 0.038 0.039 1.000 1.000 1.000

Note: Reported are rejection proportions among 5,000 simulations where all tests are carried out using the 5%

significance level. For each test the simulated critical value is calculated with 1,000 bootstrap repetitions.
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X1(Z > 0) in the linear regression of Y on X, Z, 1(Z > 0), X1(Z > 0), and Z1(Z > 0),

using data inside the estimation window determined by the CCT bandwidth. The Hetero-

SUB test is carried out by testing whether subsample average treatment effects of any of

the five subsamples with X = [0, 0.2], X = (0.2, 0.4], X = (0.4, 0.6], X = (0.6, 0.8], X =

(0.8, 1] are different from the true population ATE. The Hetero-SUB test adjusts for mul-

tiple testing using the Bonferroni method. The interaction term method is expected to

over-reject when the model is not linear. The subsample regression method is expected

to have a sizable over-rejection rate when the sample size is small and/or the first-stage

take-up rate is low.

DGP 6: Sharp RD, Homogeneous Zero Effect

Y =− 0.483− 1.376X + 0.301Z

+ ξ(0.112XZ + 0.194Z2 + 3.234X2 − 0.295XZ2 + 0.469XZ2 − 1.548X3 − 0.021Z3)

+ 0.1u;

T =1(Z > 0).

Under DGP 6, the treatment effect is homogenous and zero, and the control parameter

ξ determines the degree of model misspecification. The left graph of Figure 2 summarizes

the size property of the three tests. We notice that the parametric Hetero-INT test

controls size at 5% only when ξ = 0 and the linear regression model is correctly specified.

In contrast, the Hetero and Hetero-SUB tests control size well irrespective of ξ because

both tests are nonparametric. In addition to the heterogeneity tests, we also report in

the middle graph of Figure 2 rejection rates of the ATE significance test based on ATE

estimators from the classic RD regression (ATE) and the interaction term method (ATE-

INT). We see from the graph that the ATE test based on the interaction term method also

over-rejects severely unless ξ = 0, which further supports our recommendation against

the use of the interaction term method in applied work.
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Figure 2: Performance of Naive and Proposed Testing Methods
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Note: Reported are rejection proportions among 1,000 simulations. All tests are carried out using the 5%

significance level and the simulated critical values calculated with 1,000 bootstrap repetitions. The sample size

is 1, 000. The Hetero test is the proposed heterogeneity test with k = 4.5 and Q = 10. The Hetero-INT test is

the heterogeneity test using the interaction term method. The Hetero-SUB test is the heterogeneity based on

subsample RD regressions. Details of the Hetero-INT and the Hetero-SUB tests are described in the main text.

DGP 7: Fuzzy RD, Homogeneous Positive Effect

Y =

 −0.755 + 0.742Z − 0.063Z2 + 0.1u if Z ≥ 0,

−0.607 + 0.386Z + 0.204Z2 + 0.1u if Z < 0;

T =

 1(ξ · 0.596− 2.103X + 0.128Z + 0.352XZ + 0.013Z2 + 2.454X2 + u > 0) if Z ≥ 0,

0 if Z < 0.

DGP 7 is modified from DGP 2 by suppressing the role of the additional covariate

X in the outcome equation so that the model has a homogeneous and positive effect.

The control parameter ξ in the selection equation determines the first stage take-up rate.

The smaller the value of ξ, the weaker the first stage.7 As is shown in the right graph of

Figure 2, the proposed heterogeneity test has excellent size control while the Hetero-SUB

test has sizable over-rejection when the first-stage is weak. The parametric Hetero-INT

test again over-rejects because of model misspecification.

Last but not least, we examine the small sample performance of the proposed tests

7The first-stage take-up rate for different X values ranges from 0.15-0.3 when ξ = −1 to 0.55-0.75

when ξ = 1.
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Figure 3: The Data Generating Processes: DGPs 8-9
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Note: DGP 8 is taken from Calonico et al. (2014). DGP 9 is modified from a data-driven model estimated from

the dataset of the empirical section.

when the DGP has an asymmetric and exaggerated curvature pattern around the cut-off

value of the running variable. DGP 8 is taken from Calonico et al. (2014), which is

specifically designed to show the importance of bias correction. In this paper we do not

use the bias correction technique but instead require an under-smoothed bandwidth to

avoid having nuisance bias terms in the limiting distributions of local linear estimators.

Thus this DGP from Calonico et al. (2014) should serve as a good example to examine

the small sample performance of our testing procedure when the DGP does not favor the

under-smoothing technique that we employ.

DGP 8: Sharp RD, Homogeneous Zero Effect, Exaggerated Curvature

Y =

 0.52 + 0.84Z − 0.3Z2 − 2.4Z3 − 0.9Z4 + 3.56Z5 + 0.1u if Z ≥ 0,

0.52 + 1.27Z − 3.59Z2 + 14.15Z3 + 23.69Z4 + 11.36Z5 + 0.1u if Z < 0;

T = 1(Z > 0).

The left graph in Figure 3 illustrates the model in DGP 8 and Table 4 reports the

simulation results. For results reported in the first nine columns, we only see slight over-

rejection with rejection rates always under 7%. The rejection rate also gets quite close to

the 5% nominal rate when the sample size gets larger. However, when the GMS critical
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Table 4: Uniform Sign Test Using the LFC and the GMS Critical Values

H0 : CATE(·) ≤ 0 (LFC) H0 : CATE(·) = LATE H0 : CATE(·) ≤ 0 (GMS)

k=4.25 k=4.5 k=4.75 k=4.25 k=4.5 k=4.75 k=4.25 k=4.5 k=4.75

DGP 8: Homogeneous Zero Effect, Exaggerated Curvature

n=1000 0.062 0.063 0.066 0.059 0.058 0.057 0.081 0.085 0.086

n=2000 0.057 0.056 0.055 0.052 0.055 0.052 0.074 0.073 0.071

n=4000 0.057 0.059 0.060 0.054 0.057 0.056 0.077 0.075 0.075

n=8000 0.058 0.061 0.059 0.055 0.057 0.056 0.076 0.073 0.072

DGP 9: Homogeneous Zero Effect, Exaggerated Curvature

n=1000 0.062 0.062 0.063 0.058 0.057 0.055 0.075 0.074 0.073

n=2000 0.061 0.057 0.057 0.052 0.052 0.050 0.073 0.069 0.070

n=4000 0.051 0.052 0.053 0.049 0.049 0.047 0.063 0.061 0.062

n=8000 0.053 0.053 0.053 0.051 0.053 0.056 0.062 0.061 0.062

Note: Reported are rejection proportions among 5,000 simulations. All tests are carried out using the 5%

significance level and the simulated critical values calculated with 1,000 bootstrap repetitions. All tests in

this table use Q = 10.

value is used for the uniform sign test the rejection rate gets higher – close to 9% when

n = 1, 000 – although it then steadily decreases as the sample size gets larger.

DGP 9: Sharp RD, Homogeneously Zero Effect, Exaggerated Curvature

Y =

 −0.905 + 0.742X − 0.254Z − 0.219XZ − 0.063Z2 + 1.175X2 + 0.1u if Z ≥ 0,

−0.607 + 0.386X − 0.220Z + 0.288XZ + 0.204Z2 + 0.469X2 + 0.1u if Z < 0;

T = 1(Z > 0).

To further confirm the findings of DGP 8, we design a new DGP that modifies a

higher-order polynomial model estimated with the empirical dataset. DGP 9 also has

exaggerated curvature that is asymmetric around the cut-off of the running variable, as is

shown in the right graph of Figure 3. Similar to DGP 8, we only observe very mild over-

rejection except for the uniform sign test with the GMS critical value. The over-rejection

problem again improves with the sample size.

In summary, we conclude that our proposed tests have very good small sample per-

formance. When the underlying RD model has excessive curvature and the sample size

is small, using the GMS critical value for the uniform sign test might lead to moderate

over-rejection. In such cases, the LFC critical value is recommended.
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6 The Heterogeneous Effect of Going to a Better High

School

In Romania, a typical elementary school student takes a nationwide test in the last year

of school (8th grade) and applies to a list of high schools and tracks. The admission

decision is entirely dependent on the student’s transition score, an average of the stu-

dent’s performance on the nationwide test and grade point average, and preference for

schools. A student with a transition score above a school’s cutoff is admitted to the most

selective school for which he or she qualifies. Pop-Eleches and Urquiola (2013) use an

administrative dataset from Romania to study the impact of attending a more selective

high school. They find that attending a better school significantly improves a student’s

performance on the Baccalaureate exam, but does not affect the exam take-up rate. They

also find that a marginal student attending a more selective high school is more likely to

face negative peer interactions and perceive himself as weak.

In this section, we investigate the treatment effect heterogeneity among schools with

different peer quality, where peer quality is defined as average admission score of the

most selective school in town. In contrast to Pop-Eleches and Urquiola (2013), who find

qualitatively similar results across schools in three terciles of the admission score cut-off,

we find a clear signal that attending a better high school has a heterogeneous effect on

whether a marginal student takes the Baccalaureate exam.

Figure 4 summarizes the classic mean RD results. Note that we restrict our attention

to two-school towns because score cutoffs within a town are often quite close and esti-

mation bias might be introduced as a result.8 In all three graphs the x-axis represents

the running variable, which is a student’s standardized transition score subtracting the

school admission cut-off. The y-axis in the left graph represents the first stage take-

up rate which is equal to the proportion of eligible students attending a more selective

school. The y-axis in the middle and right graphs represent two different outcomes, the

demeaned probability of a student taking the Baccalaureate exam and the demeaned Bac-

8In fact, it is easy to prove that if the potential outcome monotonically increases with the running

variable and also jumps positively at all discontinuity points, having extra discontinuity points within

the estimation window can severely downward bias the ATE estimator.
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Figure 4: Pooled Regression Discontinuity Analysis
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Notes: Data are from Pop-Eleches and Urquiola (2013). Nonparametric local linear estimations are conducted

using a triangular kernel. The bar chart reports the histogram of the standardized running variable, while the

circles and lines report the average outcome within each bin and the local linear estimates. The bandwidth

is set to 0.5 for all graphs for the purpose of data illustration and cross-comparison.

calaureate exam grade among exam-takers, respectively. Both outcomes are demeaned

by subtracting the school fixed effects following Pop-Eleches and Urquiola (2013). Both

the middle and the right graphs see a jump in the average outcome at the discontinuity

point, although the jump in the exam-taking rate is quite noisy.

Table 5 reports the testing results for the heterogeneity analysis. All tests use the

triangular kernel, the undersmoothed CCT bandwidth defined in the simulation section,

and the cubes defined in (3.2). In Table 5 the tests are conducted with Q = 100.9

The testing results are very interesting. As is shown in Figure 4 and Table 5 (first

row, columns 1-3), the average effect of attending a better school on the probability of a

marginal student taking the Baccalaureate exam is noisy and statistically insignificant.

But the additional testing results in Table 5 reveal that 1) we can reject the null of a

non-positive effect at about the 1% significance level (first row, columns 4-6), 2) we can

reject the null that the effect is non-negative at the 10% significance level when the GMS

9Given the large sample size of this empirical application, adopting the recommendation in Andrews

and Shi (2013) to select Q is computationally costly. Instead, we report results with Q = 75, 100, and

125. We find that our empirical findings are insensitive to the choice of Q.
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Table 5: Uniform Sign and Heterogeneity Tests

H0 : LATE = 0 CLATE(·) ≤ 0 CLATE(·) ≥ 0 CLATE(·) = LATE

k=4.25 4.5 4.75 4.25 4.5 4.75 4.25 4.5 4.75 4.25 4.5 4.75

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12)

Exam-taking Rate (LFC for Uniform Sign Tests)

0.482 0.350 0.285 0.012 0.007 0.005 0.104 0.116 0.111 0.004 0.001 0.001

Exam Grade (LFC for Uniform Sign Tests)

0.002 0.003 0.002 0.002 0.002 0.001 0.652 0.687 0.749 0.074 0.103 0.135

Exam-taking Rate (GMS for Uniform Sign Tests)

- - - 0.012 0.007 0.005 0.092 0.099 0.097 - - -

Exam Grade (GMS for Uniform Sign Tests)

- - - 0.002 0.002 0.001 0.545 0.579 0.662 - - -

First-stage Take-up Rate (LFC for Uniform Sign Tests)

0.000 0.000 0.000 0.000 0.000 0.000 1.000 1.000 1.000 0.003 0.003 0.006

First-stage Take-up Rate (GMS for Uniform Sign Tests)

- - - 0.000 0.000 0.000 1.000 1.000 1.000 - - -

Notes: Data are from Pop-Eleches and Urquiola (2013). The numbers reported in the table are p-values of

various tests. All simulated critical values are calculated with 1,000 bootstrap repetitions. All tests in this

table use Q = 100.

critical value is used (third row, columns 7-9), and 3) we can reject the null that the effect

does not vary with peer quality in the more selective school at the 1% significance level

(first row, columns 10-12). Adding up the three pieces of information we conclude that

the insignificant LATE on the exam-taking rate results from the cancellation of negative

and positive effects among different schools.10

In addition, testing results in Table 5 confirm the positive effect of attending a better

school on the Baccalaureate exam grade (second and fourth rows, columns 4-9). The

results also reveal strong evidence of first stage heterogeneity (fifth row, columns 10-12),

which is intuitive as selective schools with higher peer quality are expected to have a

higher attendance rate among qualified students.

Table 6 conducts robustness checks with two alternative Q values. The results suggest

that the above discussed empirical results are not sensitive to the choice of Q.

10Note that the conclusion also holds after adjusting the p-values reported in Table 4 with Holm’s

step-down method due to extremely small p-values in two out of the three tests carried out.
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Table 6: Uniform Sign and Heterogeneity Tests - Alternative Q Values

H0 : LATE = 0 CLATE(·) ≤ 0 CLATE(·) ≥ 0 CLATE(·) = LATE

k=4.25 4.5 4.75 4.25 4.5 4.75 4.25 4.5 4.75 4.25 4.5 4.75

Q=75

Exam-taking Rate (LFC for Uniform Sign Tests)

0.482 0.350 0.285 0.012 0.007 0.005 0.104 0.116 0.111 0.004 0.001 0.001

Exam Grade (LFC for Uniform Sign Tests)

0.002 0.003 0.002 0.002 0.002 0.001 0.651 0.686 0.747 0.074 0.103 0.135

First-stage Take-up Rate (LFC for Uniform Sign Tests)

0.000 0.000 0.000 0.000 0.000 0.000 1.000 1.000 1.000 0.003 0.003 0.006

Exam-taking Rate (GMS for Uniform Sign Tests)

- - - 0.012 0.007 0.005 0.092 0.099 0.097 - - -

Exam Grade (GMS for Uniform Sign Tests)

- - - 0.002 0.002 0.001 0.544 0.578 0.659 - - -

First-stage Take-up Rate (GMS for Uniform Sign Tests)

- - - 0.000 0.000 0.000 1.000 1.000 1.000 - - -

Q=125

Exam-taking Rate (LFC for Uniform Sign Tests)

0.482 0.350 0.285 0.012 0.007 0.005 0.104 0.116 0.111 0.004 0.001 0.001

Exam Grade (LFC for Uniform Sign Tests)

0.002 0.003 0.002 0.002 0.002 0.001 0.652 0.687 0.749 0.074 0.103 0.135

First-stage Take-up Rate (LFC for Uniform Sign Tests)

0.000 0.000 0.000 0.000 0.000 0.000 1.000 1.000 1.000 0.003 0.003 0.006

Exam-taking Rate (GMS for Uniform Sign Tests)

- - - 0.012 0.007 0.005 0.092 0.099 0.097 - - -

Exam Grade (GMS for Uniform Sign Tests)

- - - 0.002 0.002 0.001 0.545 0.579 0.663 - - -

First-stage Take-up Rate (GMS for Uniform Sign Tests)

- - - 0.000 0.000 0.000 1.000 1.000 1.000 - - -

Notes: Data are from Pop-Eleches and Urquiola (2013). Nonparametric local linear estimations are conducted

using the triangular kernel and the undersmoothed CCT bandwidth defined in the simulation section. All

simulated critical values are calculated with 1,000 bootstrap repetitions.
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7 Conclusion

In this paper, we propose uniform tests for treatment effect heterogeneity under both

sharp and fuzzy RD designs. Compared with other methods currently adopted in applied

RD studies, our tests have the advantage of being both fully nonparametric and robust

to weak identification. Monte Carlo simulations show that our tests have very good small

sample performance. We apply our methods to a dataset from Romania and reveal strong

evidence of treatment effect heterogeneity previously neglected by the literature.

There are several interesting directions for future research. For example, the proposed

testing procedure could be extended to examine how quantile or distributional treatment

effects (e.g., Bitler et al., 2008; Shen and Zhang, 2016; Shen, 2017) vary with observed

individuals characteristics. The proposed tests could also be extended to examine het-

erogeneity in rank shuffling (Dong and Shen, 2018), or the marginal threshold treatment

effect (Dong and Lewbel, 2015) under the RD or the traditional treatment effect setups.
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